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1 Coordinate Systems and Vector Math

(x, y, z) ⇔ (r, θ, z)
x = r cos θ r =

√
x2 + y2

y = r sin θ θ = tan−1 y
x

êr = cos θêx + sin θêy êθ = − sin θêx + cos θêy

(x, y, z) ⇔ (ρ, θ, ϕ)
x = ρ sin θ cosϕ ρ =

√
x2 + y2 + z2

y = ρ sin θ sinϕ θ = cos−1 z
ρ

z = ρ cos θ ϕ = sgn(y) cos−1 z√
x2+y2

êρ = sin θ cosϕêx + sin θ sinϕêy + cos θêz
êθ = cos θ cosϕêx + cos θ sinϕêy − sin θêz
êϕ = − sinϕêx + cosϕêy

(r, θ, z) ⇔ (ρ, θ, ϕ)
r = ρ sinϕ ρ =

√
r2 + z2

z = ρ cosϕ θ = tan−1 r
z

Open cylinder: dAS = Rdθdz → AS =
ℓ�

0

2π�

0

R dθdz = 2πRℓ

Sphere: dAS = R2 sin θdθdϕ → AS =
2π�

0

π�

0

R2 sin θdθdϕ = 4πR2

v⃗ · w⃗ = v1w1 + v2w2 + v3w3 = |v⃗||w⃗| cos θ
v⃗ × w⃗ = (v2w3 − v3w2)̂ı− (v1w3 − v3w1)ȷ̂+ (v1w2 − v2w1)k̂
|v⃗ × w⃗| = |v⃗||w⃗||sin θ|
∠v⃗w⃗ = cos−1

(
v⃗·w⃗

|v⃗||w⃗|

)
v̂ = v⃗

|v⃗| v⃗(∥ŵ) = v⃗ · w⃗
|w⃗|

2 Equations and Laws
Torricelli: v⃗ =

√
2gh

Newton’s Law of Viscosity: τ ij = µ
(

∂v⃗i

∂xj
+

∂v⃗j

∂xi

)
Fourier’s Law of Heat Conduction: ΦQ = Q̇x

A = −k∇T
Newtonian Constitutive: τ = µ [∇v⃗ + (∇v⃗)⊺]
Continuity:

(micro m)

∂ρ
∂t + v⃗ · ∇ρ = ρ(∇ · v⃗)

Navier-Stokes:
(micro P⃗ )

ρ
(
∂v⃗
∂t + v⃗ · ∇v⃗

)
= −∇P + µ∇2v⃗ + ρg⃗

Gen. eqn. of motion:
(micro P⃗ )

ρ
(
∂v⃗
∂t + v⃗ · ∇v⃗

)
= −∇P +∇ · τ + ρg⃗

Energy:
(micro E)

ρ
(

∂Ê
∂t + v⃗ · ∇Ê

)
= −∇·ΦQ−∇(P v⃗)+∇· (τ · v⃗)+ Q̆

Thermal energy:
(∆P,∆ρ=0)

ρĈP

(
∂T
∂t + v⃗ · ∇T

)
= k∇2T + τ⊺ : ∇v⃗ + Q̆

Hagen-Poiseuille: V̇ = πR4(ρgℓ cos θ+∆P )
8µℓ

3 Fluid Mechanics
V̇ = Aσ⟨v⃗⟩ = ṁ

ρ (ρv⃗) = ṁ
Aσ

ρ1Aσ1⟨v⃗1⟩ = ρ2Aσ2⟨v⃗2⟩
∆P
ρ + ∆(v⃗2)

2α + g∆z +
∑

F̂ =
Ẇs,by
ṁ α≈1, turbulent

=0.5, laminar

3.1 Force Losses

Re= ⟨v⃗⟩ρ�
µ f = �

ℓ
∆P

2ρ⟨v⃗⟩2 = 2F⃗d
ρ⟨v⃗⟩22πrℓ Fr= ⟨v⃗⟩2

g�
fsmooth, lam = 16/Re fsmooth, trb = 0.079Re−0.25

F̂straight pipe = 4f ℓ
�

⟨v⃗⟩2
2 = ∆P

ρ F̂fitting = Kf
⟨v⃗⟩2
2∑

F̂ =
∑
i

4fi
ℓi
�i

(
⟨v⃗⟩2i
2

)
+
∑
j

Kf,j

(
⟨v⃗⟩2j
2

)
�h = 4Aσ

Perimeter
H̃i =

F̂i

g H̃ = ∆P
ρg

F⃗d = 1
2ρ⟨v⃗⟩

2AσCd

Drop: Cd =
2Vbody(ρbody−ρ)g

ρAσv2
∞

v⃗∞ =
√

2Vbody(ρbody−ρ)g
ρAσCd

3.2 Quantities of Interest
n̂ ≡ ⟨n1, n2, n3⟩ σ = −P I+ τ

ṁ = (v⃗ · n̂)Aσρ
dP⃗
dt = (v⃗ · n̂)Aσρv⃗

V̇ =
�

S

(n̂ · v⃗)
∣∣
sfcdS ⟨v⃗flow⟩ = V̇�

h

0

� ℓ
0
dxdy

F⃗ =
�

S

[n̂ · σ]
∣∣
sfcdS F⃗z = êz · F⃗

τ⃗ =
�

S

[r⃗ × (n̂ · σ)]
∣∣
sfcdS

3.3 Macroscopic Balance
dP⃗
dt +

∑(
1
β ρA cos θ⟨v⃗⟩2v̂

)
i
=

∑
(−PAn̂)i + F⃗r (on fluid) +mcvg⃗

β ≈1, turbulent
=0.75, laminar cos θ = n̂i · v̂i v̂i = ⟨v1, v2, v3⟩i

4 Heat Transfer

Conduction: Q̇x

A = −k dT
dx = k(T1−T2)

∆x k[=] W
mK , kgm

s3 K

1-D: Txyz = −C1

k x+ C2 Trθz = −C1

k ln r + C2

Generalised: Q̇ = T1−TN∑
Ri

Ri ≡ ∆xi

kiA
= 1

hiA
U = 1

A
∑

Ri

Convection: | Q̇x

A | = h|(Tbulk − Twall)|
Nu ≡ hℓ′

k Pr ≡ ĈPµ
k Gr ≡ ℓ′3ρ2gβ∆T

µ2 ℓ′ ∈ {�, δ, ℓ}
β ≡ T−1

film Tfilm = Tbulk+Twall
2

4.1 Heat Exchangers

Q̇ = UA∆TlmfT Q̇water = ṁĈP∆T Q̇steam = ṁ∆vapĤ

∆Tlm = (Tout, shell−Tin, tube)−(Tin, shell−Tout, tube)

ln
Tout, shell−Tin, tube
Tin, shell−Tout, tube

= ∆Tside A−∆Tside B

ln
∆Tside A
∆Tside B

UI =
(

1
hI

+ (RO−RI)AI
kAAlm

+ AI
AOhO

)−1

UO =
(

AO
AIhI

+ (RO−RI)AO
kAAlm

+ 1
hO

)−1

Alm = AO−AI
ln(AO/AI)

Ai = 2πRiℓ

Fouling: UI =
(

1
hI

+ 1
hd,I

+ (RO−RI)AI
kAAlm

+ AI
AOhO

+ AI
AOhd,O

)−1

Cmin ≡ min{(ṁĈP )H, (ṁĈP )C} Cmax ≡ max{(ṁĈP )H, (ṁĈP )C}

ϵcounter ≡
1− e

[
−UA
Cmin

(
1− Cmin

Cmax

)]

1− Cmin

Cmax
e

[
−UA
Cmin

(
1− Cmin

Cmax

)] ϵco ≡
1− e

[
−UA
Cmin

(
1+

Cmin
Cmax

)]
1 + Cmin

Cmax

Q̇ = ϵCmin(TH,shell − TC,tube)

4.2 Radiation

AΩ = Q̇absorbed
Q̇incident

εΩ = Q̇emitted
Q̇emitted,blackbody

Blackbody: AΩ, εΩ = 1

Q̇emitted
A = εΩσT

4 Q̇abs,net = AεΩ
∣∣
Tsfc

σ(T 4
sfc − T 4

bulk)

σ ≡ 5.676E−8 J
sm2 K4

hrad =
ε|Tsfcσ(T

4
sfc−T 4

bulk)

Tsfc−Tbulk
Q̇cnv+rad = (hcnv + hrad)A(Tsfc − Tbulk)

Q̇1→2

A =
σ(T 4

1 −T 4
2 )

1
ε1

+ 1
ε2

−1
N heat shields: Q̇1→2

A = 1
N+1

σ(T 4
1 −T 4

2 )∑
1
ε−1

5 Fluid Mechanics Cases
Hydrostatic column: P⊥ = P⊤ + ρgh
U-manometer: PA − P
 = (ρfl − ρA) ghfl + (ρB − ρA) ghB

Sphere creep: F⃗d = 6πRµv⃗∞ v⃗∞ =
4(ρbody−ρ)�2g

18µ Re = 24
Cd

Sphere drop: Cd =
4(ρbody−ρ)�g

3ρv2
∞

v⃗∞ =
√

4(ρbody−ρ)�g
3ρCd

5.1 Poiseuille Flow of Newtonian Fluid in Tube (Figure 1)

P (z) = Pℓ−P0

ℓ z + P0 τ rz(r) =
Pℓ−P0−ρgℓ

2ℓ r

v⃗(r) = ⟨0, 0, (ρgℓ+P0−Pℓ)R
2

4µℓ (1−
[
r
R

]2
)⟩

⟨v⃗z⟩ =
� 2π
0

�R
0

v⃗zr drdθ
� 2π
0

�R
0

r drdθ
F⃗z,wall =

� ℓ

0

� 2π

0
τ
∣∣
r=R

Rdθdz

V̇ =
� 2π

0

� R

0
v⃗zrdrdθ = πR2⟨v⃗z⟩

5.2 Newtonian Fluid Flow Down Inclined Plane (Figure 2)
g = ⟨g sin θ, 0, g cos θ⟩ v⃗ = ⟨0, 0, v⃗z⟩
v⃗z(x) =

ρg cos θ
2µ (h2 − x2) ⟨v⃗z⟩ =

�
w

0

�
h

0
v⃗zdxdy�

w

0

�
h

0
dxdy

V̇ =
� w

0

� h

0
v⃗z dxdy = wh⟨v⃗z⟩ F⃗z,wall =

� ℓ

0

� w

0
τxz

∣∣
x=h

dydz
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6 Heat Transfer Cases

Across rect. slab: T = T2−T1

∆x x+ T1 T1 > T2

Across slab between bulk fluids, Newton’s Law of Cooling B.C.:
Q̇x

A = Tb1−Tb2
1
h1

+∆x
k + 1

h2

Tb1 > Tb2

T = Tb1 −
(Tb1−Tb2)

1
k

1
h1

+∆x
k + 1

h2

x+
(Tb1−Tb2)

1
h1

1
h1

+∆x
k + 1

h2

Cyl. shell: Q̇r

A = T1−T2

ln
RO
RI

k
r

T2−T
T2−T1

=
ln

RO
r

ln
RO
RI

Annulus, Newton’s Law of Cooling B.C. (Figure 3):
Q̇r

A = Tb1−Tb2
1

hORO
+ 1

k ln
RO
RI

+ 1
hIRI

(
1
r

)
Tb1 > Tb2

T = Tb2 +
(Tb1−Tb2)(ln

RO
r + k

hORO
)

k
hORO

+ln
RO
RI

+ k
hIRI

Wire with generation: T−Ts

Q̆R2(4k)−1
= 1− ( r

R )2

Very large h: use Fourier’s Law

7 Heat Transfer Correlations

7.1 Forced Convection

Q̇ = ⟨h⟩A∆⟨T ⟩ = ⟨h⟩A 1
2 [(Twall − Tbulk,in) + (Twall − Tbulk,out)]

Lam., ↔ pipe, {Re < 2100, RePr�ℓ > 100}:

⟨Nu⟩ = ⟨h⟩�
k = 1.86

(
RePr�ℓ

)1/3 (
µbulk
µwall

)0.14

Trb., smooth pipe, {Re > 6000, 0.7 < Pr < 16000, ℓ/� > 60}:

Nulm = hlm�
k = 0.027Re0.8Pr1/3

(
µbulk
µwall

)0.14

Trb., air (1 atm), pipe: hlm = 3.52v⃗0.8

�0.2

Trb., water, pipe, {4 ≤ T ≤ 105 ◦C} : hlm = 1429(1+0.0146T ) v⃗0.8

�0.2

Organic liquid: hlm = 423 v⃗0.8

�0.2

Around sphere, {1 ≤ Re ≤ 7E4, 0.6 ≤ Pr ≤ 400} : Nu = 2+0.6Re
1
2 Pr

1
3

7.2 Immersed Body

Flow ∥ plate, {Re < 3E5 ∧ Pr > 0.7}: Nu = 0.664Re0.5Pr1/3

Flow ∥ plate, {Re > 3E5 ∧ Pr > 0.7}: Nu = 0.0366Re0.8Pr1/3

Flow ⊥ cyl, {Pr > 0.6} : Nu = CRemPr1/3
Re m C
1− 4 0.330 0.989
4− 40 0.385 0.911
40− 4× 103 0.466 0.683
4× 103 − 4× 104 0.618 0.193
4× 104 − 2.5× 105 0.805 0.0266

7.3 Natural Convection

↕ plane/cyl: Nu= hℓ
k = a(GrPr)m

Geometry GrPr a m

↕ plane/cyl., {h < 1m}
< 104 1.36 0.2

104 − 109 0.59 0.25
> 109 0.13 1/3

↔ cyl., {� < 0.2m}

< 10−5 0.49 0
10−5 − 10−3 0.71 0.04
10−3 − 1 1.09 0.1
1− 104 1.09 0.2
104 − 109 0.53 0.25
> 109 0.13 1/3

↔ plate, ⊤heated / ⊥cooled 105 − 2× 107 0.54 0.25
2× 107 − 3× 1010 0.14 1/3

↔ plate, ⊥heated / ⊤cooled 105 − 1011 0.58 0.2

7.3.1 Simplified Natural Convection
Geometry GrPr h (T [=]K, ℓ[=]m)

Air at 1 atm

↕ plane, cyl. 104 − 109 1.37(∆T/ℓ)0.25

> 109 1.24(∆T )1/3

↔ cyl. 103 − 109 1.32(∆T/�)0.25

> 109 1.24(∆T )1/3

↔ plate, ⊤heated / ⊥cooled 105 − 2× 107 1.32(∆T/ℓ)0.25

2× 107 − 3× 1010 1.52(∆T )1/3

↔ plate, ⊥heated / ⊤cooled 3× 105 − 1010 0.59(∆T/ℓ)0.25

Water at 294 K

↕ plane, cyl. 104 − 109 127(∆T/ℓ)0.25

Organic liquids at 294 K

↕ plane, cyl. 104 − 109 59(∆T/ℓ)0.25

7.3.2 Enclosed Spaces
Geometry GrδPr Nuδ

↕ plates, gas, {ℓ/δ < 3}
< 2000 1.0

6× 103 − 2× 105 0.20(GrδPr)0.25

(ℓ/δ)1/9

2× 105 − 2× 107 0.073(GrδPr)1/3

(ℓ/δ)1/9

↕ plates, liquid < 1000 1.0
1000− 107 0.28(GrδPr)0.25

(ℓ/δ)0.25

↔ plates, gas, {T⊥ > T⊤}
7× 103 − 3× 105 0.21(GrδPr)0.25

> 3× 105 0.061(GrδPr)1/3

↔ plates, gas, {T⊥ > T⊤} 1.5× 105 − 1× 109 0.069(GrδPr)1/3Pr0.074

7.4 Boiling and Condensation
Boiling, ↔, { Q̇

A
< 16kWm−2} : h = 1043(∆T [K])1/3

Boiling, ↔, {16 < Q̇
A

< 240kWm−2} : h = 5.56(∆T [K])3

Boiling, ↕, { Q̇
A

< 3kWm−2} : h = 537(∆T [K])1/7

Boiling, ↕, {3 < Q̇
A

< 63kWm−2} : h = 7.95(∆T [K])3

Boiling, forced convection: h = 2.55(∆T [K])3eP [kPa]/1551

Boiling, film, ↔ tube: h = 0.62

[
k3

(v)ρ(v)(ρ(l)−ρ(v))g(∆vapĤ+0.4ĈP,(v)∆T )

�µ(v)∆T

]
Cnd., film, bottom of ↕ sfc.: Re = 4ṁ⊥

ℓ′µ(l)
<1800:turbulent
>1800:laminar ℓ′ = π�(tube)

ℓ(plate)

Cnd., film, lam., ↕ tube: Nu = 1.13
[
ρ(l)(ρ(l)−ρ(v))g∆vapĤ(Tsat)ℓ

3

µ(l)k(l)∆T

]0.25
Cnd., film, trb., ↕ tube: Nu = 0.0077

(
ρ2(l)gℓ

3

µ2
(l)

) 1
3

Re0.4

Cnd., film, lam., outsideN stacked↔ cyl.: Nu = 0.725
[
ρ(l)(ρ(l)−ρ(v))g∆vapĤ�3

O
Nµ(l)k(l)∆T

]0.25
8 Figures

z
r

v⃗z(r)

R

ℓ

Figure 1 Figure 3

θ
z

r

θrRI

RO

Figure 2

z x

θ

air
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v⃗z(x)

g

Tb1

Tb2
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